Testing ansatze for quasi-nonlinear clustering: the linear APM power spectrum by Baugh, C M & Gaztañaga, E
Mon. Not. R. Astron. Soc. 000, 000{000 (1996)
Testing ansa¨tze for quasi-nonlinear clustering: the linear
APM power spectrum
C.M. Baugh1 and E. Gazta~naga2;3
1. Department of Physics, Science Laboratories, South Road, Durham DH1 3LE
2. CSIC Centre d’Estudis Avancats de Blanes, c/ Cami de St. Barbara s/n, 17300 Blanes, Girona, Spain
3. Department of Physics, Keble Road, Oxford OX1 3RH.
20 January 1996
ABSTRACT
We compare the accuracy of published formulae that transform the linear perturbation
theory power spectrum into the nonlinear regime against the results of an ensemble of
large N-body simulations. We nd that the modied transformation given by Jain et
al.(1995) performs well for initial fluctuations that have a power law power spectrum,
but is less succesful for scale dependent spectra. The inverse transformation to obtain
the linear power spectrum is applied to the APM Galaxy Survey power spectrum mea-
sured by Baugh & Efstathiou (1993). The resulting linear spectrum is used to generate
the initial density fluctuations in an N-body simulation, which is evolved to match the
measured APM amplitude on large scales. We nd very good agreement between the
nal power spectrum of the simulation and the measured APM power spectrum. How-
ever, the higher moments for the particle distribution only match the ones recovered
from the APM Survey on large scales, R > 10h
−1Mpc. On small scales, R < 10h
−1Mpc,
the APM estimations give smaller amplitudes, indicating that non-gravitational eects,
such as biasing, are important on those scales. Our approach can be used to constrain
a model of how light from galaxies traces the underlying mass distribution.
Key words: surveys-galaxies: clustering -dark matter - large-scale structure of Uni-
verse
1 INTRODUCTION
The growth of density fluctuations can be followed accu-
rately using linear perturbation theory only when the den-
sity contrast on a given scale is much smaller than unity
=  1 (see for example Peebles 1980). As the fluctua-
tions enter the mildly nonlinear regime, =  1, analytic
approximations or numerical simulations have to be used to
follow the evolution of the density eld, except in cases with
idealised geometry (e.g. Bertschinger 1985).
Several comparisons between the results of N-body sim-
ulations and the predictions of higher order perturbation
theory have been made recently (e.g. Buchert, Melott &
Weiss, 1993, Jain & Bertschinger 1994). Baugh & Efstathiou
(1994b) demonstrated that Eulerian second order perturba-
tion theory gives a good approximation to the evolution of
the power spectrum in Standard Cold Dark Matter (flat
universe, Ω = 1, with h = 0:5?: hereafter SCDM) down to
scales for which the variance 2  1 correctly predicting a
transfer of power from large to small scales.
An alternative approach for following the evolution of
? The Hubble constant is given by H0 = 100hkms
−1Mpc−1
the density eld into the nonlinear regime has been adopted
by Hamilton et al.(1991), who deduced a transformation be-
tween the linear volume averaged correlation function and
the nonlinear correlation function, with the functional form
calibrated against the results of numerical simulations. Pea-
cock and Dodds (1994 - hereafter PD) proposed that a simi-
lar form of the transformation could be applied to the power
spectrum of density fluctuations. Jain, Mo and White (1995
- JMW) suggested a correction that improves the perfor-
mance of the Hamilton et al. and PD formulae when the
eective slope of the power spectrum, P (k) / kn has the
value n < −1.
The power of this technique, which is applicable to a
certain degree of accuracy even on scales for which = >>
1, where perturbation theory breaks down, was illustrated
by PD, who estimated the linear power spectrum of mass
fluctuations in the universe using the combined observations
from several galaxy surveys.
In Section 2 of this Letter, we compare the predictions
of the formulae of PD and JMW for the evolution of the
shape of the power spectrum in an SCDM universe against
the results of an ensemble of large N-body simulations.
We use these formulas to compute the linear power spec-
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Figure 1. The ratio of the power spectrum at epoch ai to the
power spectrum at some reference epoch a0 = 0:4 (where a = 1
corresponds to z = 0), with the linear growth scaled out. The
points show the results from an ensemble of large N-body sim-
ulations. The lines show the predictions of the PD and JMW
formulae for the linear to nonlinear transformation. The arrow
in the middle panel shows the size of the simulation box used in
the highest resolution run of Jain et al.. In the bottom panel, the
lines show the t quoted in the text.
trum corresponding to the power spectrum measured for
APM Survey galaxies by Baugh & Efstathiou (1993, 1994a)
in Section 3. We use this linear power spectrum to generate
the initial conditions in an N-body simulation. The clus-
tering in the evolved particle distribution is then compared
with the measurements of the APM power spectrum and the
higher order moments of counts in cells (Gazta~naga 1994).
This approach provides a test of our ideas about structure
formation, such as the Gaussianity of the initial conditions
and the biasing of the galaxy distribution relative to the
mass distribution.
2 EVOLUTION OF THE CDM POWER
SPECTRUM
The nonlinear growth of density fluctuations can be studied
by comparing the shape of the power spectrum of the fluc-
tuations at dierent epochs. Following Baugh & Efstathiou
(1994b), we take the ratio of the power spectrum at expan-
sion factor ai corresponding to time ti, to the power spec-
trum at some reference epoch, set by a0 and time t0, scaling
out the linear growth factor / a2:




i2 P (k; ti)
P (k; t0)
: (1)
In this Section we shall examine the CDM power spectrum
as an example of a scale dependent spectrum.
The general form of the transformation of linear to non-








where the subscripts L and NL refer to linear and non lin-
ear respectively and (k) = 4k3P (k)=(2)3 is the frac-
tional variance of the density eld in bins of lnk. The JMW




where the factor b(n) is a function of the spectral index of
the power spectrum. JMW obtained the form of this fac-
tor b(n) by requiring that their transformation reproduced
the results of simulations with scale free initial conditions.
They then make the assumption that these results can be
applied to the case of fluctuations that do not have a scale
free initial power spectrum, such as CDM. In this instance,
an eective spectral index is dened as the local slope of
the power spectrum on the scale at which the variance in
density fluctuations is unity.
Using the ts given by equation (23) of PD and equa-
tions 5(b) and 7(a) of JMW, we can generate a set of evolved
power spectra at dierent epochs. We set a = 1 at 8 = 1
and choose a = 0:40 to be the reference epoch. We interpo-
late over the power spectra generated at a = 0:50; 0:59; 1:00
to form the ratio in equation (1). The ratios predicted by
the formulae are shown as the solid lines in Figure 1. Also
plotted are the same ratios calculated from an ensemble of 5
N-body simulations, with a box size of 378h−1Mpc and 1263
particles. The simulations were run with the P 3M code de-
scribed by Efstathiou et al.(1985). When the reference epoch
a = 0:40 is reached, the simulation has expanded by a factor
of three, which means that transients arising from the Zel-
dovich approximation used to set up the initial fluctuations
will have died away (see Baugh, Gazta~naga & Efstathiou
1995, hereafter BGE95). The errors are the dispersion in
the ratios over the ve simulations in the ensemble. We have
applied no corrections to the N-body curves.
In Figure 1, we show a t for the evolution of the power
spectrum which gives a good match to the results of the
large box N-body simulations used in this paper. We have
used the same type of t as JMW, with b(n) = 1:16[(3 +
n)=3]0:5 where n is the eective spectral index at each epoch
as dened by JMW, with fNL given by
fNL(x) = x

1 + ax+ bx2 + cx3 + dx3:5 + ex4
1 + fx+ [e=(11:68)2]x3
1=2
: (5)
We nd a = 0:598, b = −2:390, c = 8:360, d = −9:010,
e = 2:895 and f = −0:424 by matching the power spectrum
in the simulations at a = 1, i.e.8 = 1. Note that as our
simulations do not have the resolution to probe the highly
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nonlinear regime, where we have forced the t to have the
asymptotic form fNL(x) = 11:68x
3=2 when x!1, as used
by PD. Thus our t does not necessarily perform well on
small scales, where JMW results are more reliable.
The relatively poor performance of the JMW transfor-
mation in this test is mainly due to overprediction of the
power at early epochs. This could be due to a number of
reasons. JMW used high resolution simulations in order to
examine the behaviour of the power spectrum in the highly
nonlinear regime. This was achieved by using a relatively
small box size, as indicated by the arrow in the middle panel
of Figure 1. Hence, Fourier modes of the density eld around
k  0:2hMpc−1 do not have modes on larger scales to cou-
ple to, with the result that the nonlinear evolution on these
scales cannot be followed accurately.
There is no reason to assume that the correction JMW
obtained by comparison with scale free simulations should
be applicable to scale dependent power spectra. For exam-
ple, the details of the transfer of power between dierent
scales that occurs in nonlinear evolution of the density eld
are sensitive to the shape of the power spectrum.
An alternative approach, suggested by PD, is to com-
pute the volume averaged correlation function, (r) from
the power spectrum and use the linear to nonlinear trans-
formation for (r), then transform the result back to give the
nonlinear power spectrum. We nd that this gives a slightly
better result for the growth of the power spectrum in a CDM
model when the JMW t for (r) is used, but gives no im-
provement when the linear spectrum is close to a power law
in k. Hence, the assumption that the relation between linear
and nonlinear wavenumber has the same form as that for ra-
dius, breaks down at some level when the linear spectrum is
not a power law.
3 N-BODY REALISATIONS OF CLUSTERING
IN THE APM SURVEY
The PD and JMW formulae for the inverse transformation
from nonlinear to linear power can be used to obtain the
linear power spectrum that corresponds to the APM Sur-
vey power spectrum (APMPK) measured by Baugh & Efs-
tathiou (1993, 1994a). We make the assumption that there
is no bias between the galaxy distribution and the mass, i.e.
that the light traces the mass.
Figure 2 shows the APMPK as open circles with 1 er-
rors obtained by averaging over the APM Survey split up
into four zones. The solid line shows the linear power spec-
trum predicted by JMW, which has a slope of n  −2,
and the dotted line shows that obtained with the PD for-
mula. The two linear spectra are quite dierent. We nd that
the simulations evolved from the JMW formula give better
agreement with the shape of the APMPK, conrming that
this transformation works best when the power spectrum is
nearly scale free. The lled circles show the power spectrum
of a P 3M simulation with 1603 particles and a box size of
440h−1Mpc. The simulation has been evolved over  6 ex-
pansion factors from the initial conditions to match the am-
plitude of the variance in spheres of radius 30h−1Mpc given
by the APMPK. Also shown is the result of a smaller simu-
lation, using the PD linear power spectrum (open squares),
which shows an excess of small scale power compared with
Figure 2. Open circles show the APM power spectrum with 1
errors. The lines show the linear spectrum predicted by the JMW
(solid) and PD (dotted) formulae. Symbols show P (k) measured
from a N-body simulation with the initial conditions set by the
JMW (lled circles) and PD (open squares) linear spectra.
the APMPK. The PD formula is not expected to perform
well for a such a steep power spectrum. We note that the
linear spectrum predicted by our t is closer to that of PD
rather than that of JMW; hence a transformation of the type
given in equation 5 which is calibrated against the results
of CDM simulations does not work well when used with an
almost scale free spectrum.
The linear APM spectrum is too steep to be tted by a
CDM-like model, expressed as a function of the parameter
Γ = Ωh (Efstathiou et al.1992); allowing the normalisation
to float, we could nd no value of Γ that gave a reasonable t
to the linear APM spectrum over the range of wavenumbers
for which it is determined. We note that the shape of the
linear spectrum is similar to that predicted in a mixed dark
matter model (Efstathiou 1995).
4 HIGHER ORDER MOMENTS
We next evaluate the higher order moments in the N-body
simulation with the same power spectrum as the APM
survey. We use the counts in spherical cells of radius R,
to estimate the volume averaged J-order correlation func-
tions J (R), as described in BGE95. We concentrate on the
higher order moments in terms of the hierarchical ampli-
tudes SJ  J=
J−1
2 . These quantities can be predicted in
perturbation theory for models with Gaussian initial fluctu-
ations which evolve only under gravity. Bernardeau (1994)
has estimated SJ for the case of a spherical (top-hat win-
dow) cell, which are given in terms of J-order logarithmic
derivaties γJ of 2(R) in the initial conditions. These predic-
tions have been tested up to J = 10 in N-body simulations
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Figure 3. Filled squares show the measured APM power spec-
trum with 2 errors. The open squares show the linear P (k) pre-
dicted by the JMW formula. The long-dashed and short-dashed
lines correspond to the t to each P (k).
(Gazta~naga & Baugh 1995, BGE95), showing a very good
agreement for scales where 2 
< 1.
To produce the perturbation theory predictions we t






with a minimum 2 t using the estimated errors. Given the
additional uncertainties from the APM selection function,
evolution of clustering and value of Ω (see Gazta~naga 1995)
we use 2-sigma errors in the APMPK as the error estimation
in this t. The results are shown in Figure 3. For the non-
linear APMPK a t to the whole range of k gives: C ’
9:5  105, kc ’ 0:03h
−1Mpc, a ’ 1 and b ’ 1:2. This gives
a 2 = 32 for 30 points (25 degrees of freedom) which is
not a very good t. The APMPK (lled squares in Figure
3) shows interesting features around k = 0:3 which this t
(long-dashed line) is not able to reproduce. The t to the
linear JMW P(k) (open squares in Figure 3, which overlap
with APMPK for k < 0:05) is restricted to k < 0:6 and gives:
C ’ 7:0 105, kc ’ 0:05h
−1Mpc, a ’ 1 and b ’ 1:6. This
gives a 2 = 8:9 for 21 points (16 degrees of freedom) which
is a much better t. It is interesting to note that although
a is a free parameter it turns out that the best t gives in
both cases a ’ 1, as predicted by the Harrison-Zeldovich
spectrum.
In Figure 4 we compare the perturbation theory predic-
tions for SJ with J = 3; 4; 5 using both the linear (solid line)
and non-linear (dashed line) shape of 2 estimated from the
P (k) ts above. Although we can see in Figure 4 that these
predictions are quite dierent at small scales, they agree
well on scales where 2 
< 1. On comparing with the evolved
results from the APM like N-body simulations (closed trian-
Figure 4. The open circles show the APM estimations for S3,
S4 and S5. The closed triangles show the corresponding moments
measured in a large N-body simulation started with the linear
APM P(k). The solid (dashed) line shows the perturbation theory
prediction for SJ using linear (non-linear) APM power spectrum.
gles in Figure 4), we nd a good agreement with perturba-
tion theory predictions for scales where 2 
< 1, as expected.
5 DISCUSSION
In previous comparisons of perturbation theory predic-
tions for SJ (R) with clustering in the APM Survey (e.g.
Gazta~naga 1994, Gazta~naga & Frieman 1994, BGE95) the
non-linear shape of P (k) or 2 was used to calculate the per-
turbation theory predictions, i.e. the two point correlations
measured from the galaxy distribution. This assumes that on
large scales the observed shape is not aected by non-linear
biasing or by non-linear gravitational eects. Here we drop
the latter assumption and use the linear P (k), as required in
perturbation theory. The comparison of these improved pre-
dictions with the estimations from the APM Survey (open
symbols) is shown in Figure 4. The APM estimations are
the ones presented in Gazta~naga (1995), with  = 1:3 and
Ω = 1 (although they do not depend strongly on what these
values are). The APM amplitudes agree quite well with the
improved predictions on scales R 
> 3h−1Mpc. This is sur-
prising as one would rather expect to nd an agreement with
the fully evolved N-body results, which do not match these
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predictions at small scales. Thus, our analysis indicates the
failure of at least one of the hypotheses we have used.
We have used Ω = 1. This is not very important for the
2D to 3D inversion of the APM correlations, as changing
the cosmology only alters the overall clustering amplitude
slightly and not the shape of the correlations (see Baugh &
Efstathiou 1993, Gazta~naga 1995). In the N-body models,
a dierent value of Ω would change both the infered initial
P (k) and the nal SJ in Figure 4. We have run some test
models and nd that for the APMPK the tting formulas
do not seem to work that well for Ω < 1. We nd that the
spectral index is predicted to be slightly more negative on
small scales when Ω < 1, compared with the linear power
spectrum obtained for Ω = 1. This means slightly larger
perturbation theory predictions for SJ and also more non-
linear evolution at high k. We nd nevertheless very little
dierence for the nal values of SJ for dierent values of Ω.
In our APM-like simulations we have assumed Gaussian
initial conditions and in order to infer the linear mass power
spectrum from the measured galaxy power spectrum we have
also assumed that there is no bias between the fluctuations
in the galaxies and in the underlying density eld. The hier-
archical scaling of the higher order moments measured from
the APM Survey (Gazta~naga 1994) suggests that there is
no relative bias between mass and light on large scales. In
addition it is unlikely that the scaling could be produced by
non-gaussianities or a particular biasing prescription that
happens to mimic gravitational growth (Gazta~naga & Frie-
man 1994). However, the disagreement shown in Figure 4
indicates that either of these assumptions fails on scales
R < 10h−1Mpc. Some form of non-gravitational eect or
small scale dependent biasing is necessary. Non-gaussian ini-
tial conditions with SJ < 0 on small scales, could account
for the smaller values of SJ in the measurements. Biasing
would also alter the galaxy amplitudes SJ both directly and
through the change of the underlying mass power spectrum
which will lead to a dierent prediction for the linear mass
power spectrum.
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